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Abstract

A classical result of Calkin [Ann. of Math. (2) 42 (1941), pp. 839—873] says that an inner
derivation S — [T, S] = TS — ST maps the algebra of bounded operators on a Hilbert
space into the ideal of compact operators if and only if 7 is a compact perturbation of the
multiplication by a scalar. In general, an analogous statement fails for operators on Banach
spaces. To complement Calkin’s result, we characterize Volterra-type inner derivations on
Hardy spaces using generalized area operators and compact intertwining relations for Volterra
and composition operators. Further, we characterize the compact intertwining relations for
multiplication and composition operators between Hardy and Bergman spaces.

Keywords Volterra-type inner derivation - Hardy space - Composition operator - Area
operator - Compact intertwining relation

Mathematics Subject Classification 47B47 - 32A35 - 32A36 - 47B38 - 47B33

1 Introduction

Let <7 be a Banach algebra over the complex field. A linear map D : &/ — & is a derivation
if D(xy) = xD(y) + D(x)y for all x, y € 7. Over the last half century, there have been
plenty of results giving conditions on a derivation of a Banach algebra implying that its range
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is contained in some ideal. One of the most famous results given by Singer and Wermer [1,
Theorem 1] says that every continuous derivation of a commutative Banach algebra maps
into the Jacobson radical of the algebra. Previously Calkin [2, Theorem 2.9] proved that an
inner derivation X +— [T, X] := T X — XT maps the algebra of all bounded operators on a
Hilbert space to the ideal of all compact operators if and only if 7" is a compact perturbation
of a scalar operator. Notice that this conclusion fails to hold true on the Banach spaces in
general (see [3, p. 288]). In this paper, we are interested in Volterra-type inner derivations
on Hardy spaces, and, in particular, give characterizations which complement and in a sense
extend some aspects of Calkin’s work to the algebras of bounded linear operators on Hardy
spaces.

To state our main results, we recall some basic definitions. Let H (ID) denote the class of
all analytic functions in the unit disk D of the complex plane C and let S(ID) be the collection
of all analytic self-maps of D.

For 0 < p < oo, the Hardy space H? is defined to be the Banach space of all analytic
functions f in D with

2

f (re"e)lpd9>l/p < 00.

For0 < p < ooand a > —1, the weighted Bergman space A% (D) consists of all analytic
functions f in D for which

1
1l = ( sup ~—

O<r<l1 21 0

1

1Flap = (/D|f(z)|ﬂ dAa(Z)>p < oo,

where dA,(z) = (1 + @) (1 — |z|2)a dA(z) and dA(z) = dxdy/m is the normalized area
measure.
For a € D, the Mobius map v, of the disk that interchanges z and 0 is defined by

a—2z

[ —az z € D.

Ya(z) =

It is well known that

(1=1a) (1 ~1eP)

1 —az|?

1— Y (2)* =

Let Aut(D) denote the automorphism group of ID. It is well known in elementary complex
analysis that every ¥ € Aut(D) has the form

() = e Ya(z), 6 €l0,2n), aeD.

The space of analytic functions on D of bounded mean oscillation, denoted by BMOA,
consists of functions f in H? such that

1
I £l i0a = 1£(O)* + sup

—/if(9>—f1|2d9<+oo,
1 U Jr

where

1
= — 0)do
S |I|/1f()
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is the length of /. The closure in BMOA, of the set of all polynomials is called VMOA.
By [4], we know that f € BMOA if and only if

sup fD (1= Wa@P)f () PAAG) < oo,

aeD
and f € VMOA if and only if

|3|i511/D(1 ~ Wa@PIf'@PdAR) =0. (1.1
For f € H(D), every ¢ € S(D) induces a composition operator C, by Cy, f = f o ¢.
If (z) = ez for 6 € [0, 2], we call C, a rotation composition operator. The rotation
composition operators play a crucial role in the proofs of Theorems 3.2 and 5.3. The bound-
edness and compactness of composition operators on various analytic function spaces have
been studied intensively in the past few decades (see, e.g., [5] and [6]).
For g € H(ID), the Volterra-type operators J, and /, are defined by

Z Z
Jof(2) = /0 FOZ @ and T f(z) = /0 F1©)8()de

forz € D and f € H(ID). The operators J, and I, are close companions because of their
relations to the multiplication operator M, f(z) = g(z) f (z). To see this, use integration by
parts to obtain

Mg f = f0gO0) + Jof +1gf.

The discussion of Volterra-type operators J, and I, first arose in connection with semigroups
of composition operators—for further details and background, see [7] and also [8, 9] for these
types of operators acting on weighted Bergman spaces.

Let Z(H?) be the Banach algebra of bounded linear operators on the Hardy space H?,
where 0 < p < oco. The two classes of Volterra-type inner derivations D(Jg) and D (1)
induced by g € H(D) on Z(HP) are defined by

D(Jy) : B(HP) — B(HP), T — [Jg, T
(referred to as the J, inner derivation) and
D(Ig) : B(HP) — B(MHP), T+ [I, T]

(referred to as the I, inner derivation).
‘We can now state our main results.

Theorem 1.1 For0 < p < oo, the J, inner derivation D(Jg) on Z(HP) maps into the ideal
of compact operators if and only if g belongs to VMO .A.

Theorem 1.2 For0 < p < oo, the I, inner derivation D(1,) on B(H?) maps into the ideal
of compact operators if and only if g is a complex scalar:

The proofs of Theorems 1.1 and 1.2 are given in Sects. 3 and 4, respectively. In addition,
we describe compact intertwining relations for multiplication and composition operators in
Sect. 5.

Throughout the paper, we write A < B if there exists an absolute constant C > 0 such
that A < C - B, and we write A ~ B when A < B and B < A.

@ Springer



57 Page4of24 H. Arroussi et al.

2 Preliminaries
2.1 Compact intertwining relations

If X and Y are two quasi-Banach spaces, we denote by Z(X, Y) the collection of all bounded
linear operators from X to Y, and by (X, Y) the collection of all compact elements of
A(X,Y),and by 2(X, Y) the quotient space Z(X, Y)/K(X,Y).

ForA e #(X,X),Be B(Y,Y)and T € #(X,Y), we say that T intertwines A and B
in 2(X,Y) (or T intertwines A and B compactly) if

TA=BT modK(X,Y) with T #0.

More intuitively, the compact intertwining relation is explained by the following commutative
diagram:

X —2 5 x
lT lT mod K(X,Y).

Y—B>Y

When X =Y and A = B, it is easy to see that the following two assertions are equivalent:

(1) T intertwines every A € #(X) compactly.
(i) The inner derivation D(T) : A(X) — Z(X) ranges in the ideal of compact operators.

From this point of view, we will study the compact intertwining relations for composition
operators and Volterra operators between different Hardy spaces, which are then used to
obtain our two main results (Theorems 1.1 and 1.2) as direct consequences. In this paper,
we also study the compact intertwining relations for composition operators and Volterra
operators, and multiplication operators from Hardy spaces to Bergman spaces.

In the series papers [10-12], Yuan, Tong and Zhou firstly investigate the compact inter-
twining relations on the Bergman spaces, bounded analytic function spaces and Bloch spaces
in the unit disk. By continuing this line of work, we characterize the compact intertwining
relations for composition operators and Volterra operators between different Hardy spaces.
Our main results on the Volterra-type inner derivation on Z(H?) then follow immediately.

2.2 Background on Volterra and composition operators

We collect some preliminary lemmas on boundedness and compactness of Volterra operators
and composition operators in this subsection. For 0 < 8 < oo, recall that the weighted Bloch
space B is the space of all f € H (D) such that

£ 11se o= sup (1 — 1212)° | £/2)] < oo
zeD

Notice that ||-|| 54 is a complete semi-norm on B#, which is Mobius invariant. When equipped
with the norm

1A= 17O+ 11fllze

the weighted Bloch space B# becomes a Banach space.

@ Springer
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Denote by Bg the subspace of B? consisting of those functions f € 3# for which
. B
lim (1—|z? )| =0.
Jim (1= 12)" | 7'

For 8 > 0, we define the space H°*? of analytic functions by

H = {f € HD) : || flloc = sup (1 — IZIZ)S lf (@] < OO}

zeD

and write H* for the space of non-weighted bounded analytic functions 7. Further, we
let H;’  be the subspace of H°>9 consisting of f € H°>? with

Jim (1=1e)° 1 )] = 0.

Remark Itis well-known that, for § > 0, 7% = B1*9 and Hoo 5 — H'B (see, for example,
Proposition 7 of [13]).

Let p, g and s be real numbers such that 0 < p < 00, -2 < g <ocoand 0 < s < oo.
We say that a function f € H (D) belongs to the space F(p, ¢, s) if

171 .00 7= 58P fD £ @ (1= 1zP)" (1 = Wa@P)" dAG) <oo.  (2.1)

The spaces F(p, g, s) were introduced in [14], and it was shown that many classical function
spaces can be identified as F(p, g, s) with suitable parameters. Further, it was proved in [15,
Theorem 1] that, when —1 < o < oo, F(p, pa — 2,s) = B* for every p > 0 and
s > 1 (see also Theorem 1.3 of [14]). For s = 1, we define BMOA type spaces by setting
BM(’)A‘I", = F(p, pa — 2, 1). Tt is known that BMO.A% = BMO.A. We recall that the
space VMOAT consists of those holomorphic functions f in D with

hm f F @ (1=121%) (1 — [Ya()P) = 0. 2.2)

‘We now summarize further preliminary results in the following four lemmas. These results
are all known or can be obtained with slight modifications of existing results and their proofs.
For the first one, see Theorem 5 of [16].

Lemma2.1 LetO < p,g <00, g€ HD), —1 <a < oo, anafy_M %

() Ifp <qandy +1 >0, then J, : HP — A% is bounded if and only if g € B'*7.
(i) If p=gq, then J; : HP — A% is bounded if and only if

g€ BMO.A},HO‘H)/F.

(i) Ifp <gandy +1>0, then J, : HP — AL is compact if and only if g € B(l)+y.
(iv) If p=gq, then Jg : H? — Al is compact if and only if

g € VMOA,TTDIP,

The proof of the following lemma is similar to the proofs of Theorem 5 and Corollary 7
of [16].
Lemma22 Let0O < p,g <00, g€ HD),—1 <a <00, andy = "‘qiz - %.
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() Ifp<gq, thenly : HP — A% is bounded if and only if g € B,
(i) If p <gq, then I : HP — AL is compact if and only if g € B(l)+y.

The following assertions can be obtained from the main theorems of [17] and [18].

Lemma23 Let0 < p,g <oo,g € HD),—1 <a <oo,andy = “T"'z—%.

(i) Ifp<qandy >0, then My : HP — A% is bounded if and only if g € B'1Y.
(i) Ifp < qandy =0, then Mg : HP — Al is bounded if and only if g € H™.
(iii) If p =gq, then My : HP — AL is bounded if and only if g € BMOA},HQH)/".
(iv) If p <qgandy > 0O, then My : HP — A% is compact if and only if g € Béﬂ/.
V) Ifp<qandy =0, then Mg : HP — A% is compact if and only if g = 0.

(Vi) If p=q =2, then M, : H? — Aﬁ is compact if and only if g € VMOA;HO‘H)/Z.

Finally, the following lemma summarizes the characterizations obtained in [19] for bound-
edness and compactness of the operators J, and I, and the multiplication operator M, acting
from H? to HY.

Lemma24 Let0 < p,q < oo, g € H(D). Then

1 1
0] Iqu? < p <q, then J, : H” — HY is bounded if and only if g € BTy,
(ii) If p = q, then Jg : H? — H? is bounded if and only if g € BMOA.
(iii) If p = q, then I;(or Mg) : HP — HY is bounded if and only if g € H*.

1_1

1+
(iv) Iquﬁ < p <q, then J, : H? — HY is compact if and only if g € B, * 7.
(V) If p =q, then J, : HP — H1 is compact if and only if g € VMOA.

(vi) If p = q, then I,(or Mg) : HP — HY is compact if and only if ¢ = 0.

2.3 Carleson measures

In this subsection, we state the generalized Carleson measure theorem for H”. A classical
theorem of Carleson [20, 21] states that the injection map from the Hardy space H” into the
measure space L”(d ) is bounded if and only if the positive measure © on D is a bounded
Carleson measure. For 0 < s < 00, a positive measure p on DD is a bounded s-Carleson
measure if

[ACICO

lullcm, := sup
' ;P

where |/| denotes the arc length of a subarc / of T,
S(I) = [re” eD:e' el 1—|I|<r < 1]

is the Carleson box based on /7, and the supremum is taken over all subarcs I of T such that
|I] < 1. We associate to each a € D\{0} the interval I, = {; eT:|¢— ‘Z—M < l;'“' }, and

denote by S(a) = S(I,). A positive measure  on DD is a vanishing s-Carleson measure if
the limits

u(S{))
im =0
[I=0 |I]®
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hold uniformly for 7 € T. It is well known (see [22] and [23]) that x on D is an s-Carleson
measure if and only if

1—la*\’
sup/ <7> du(z) < oo. 2.3)
D

aeD 1 _EZ|2

Forz € Dand ¢ € £' (T), the Hardy-Littlewood maximal function is defined by

1
M) @) =sup—/l|<p<c)||dc|, LeD,

Jard
where the supremum is taken over all arcs I C T for which z € S(1).
The following lemma follows from Theorem 2.1 of [24]. We simplify the result in the
one-dimensional case as follows.

Lemma25 Let0 < p < g < ocoand 0 < a < oo such that pa > 1. Let pu be a positive
Borel measure on D. Then [M ((-)l/a)]a 2 LP(T) — L9(w) is bounded if and only if v is a
q/ p-Carleson measure. Moreover, we have

q )
A sup .
£P(T)— L9 () ;|I4/p

[ ()"

The estimates of the next result follow from the results of Luecking—see Theorem 3.1 of
[25].

Lemma 2.6 Let (v be a positive Borel measure on D and k € N. If either 2 < p = q or
0 < p < g < oo, the following conditions are equivalent:

@) fp lf @1 du@) SN f Ny forall f e HP.
(i) w(SI)) < ||AFkPalP for all 1.

The little oh version of the preceding result was obtained in Theorem 1 in [26] and can be
formulated as follows:

Lemma 2.7 Let jv be a positive Borel measure on D and k € N. If either 2 < p = q or
0 < p < g < o9, the following conditions are equivalent:

(6)) If{fj} is a bounded sequence in HP and f;(z) — 0 for every z € D, then

. (GYNE
lim / ‘f» (z)’ du(z) = 0.
j—oo Jm J

(i1) The limits

IO
[—0 [I|0+kp)a/p —

hold uniformly for I € T.

Remark 2.8 For the case k = 0, Lemma 2.6 and Lemma 2.7 hold true whenever 0 < p <
g < 0o (see Theorem 3.4 of [27] and Theorem 9.4 of [28]).

@ Springer
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2.4 Area operators

If ¢ € T and y > 2 are given, the Kordnyi approach region I'), () with aperture y /2 is
defined by

Y
@) =T, ={zeD:le -z < Za -1z},
For every z € D, let us denote

I(z)={¢ €edD:zel(©)}

It is clear that /(z) is an open arc on dID with center z/|z| whenever z # (. Moreover,
()] =1—|z].

Let w be a positive Borel measure on D and s > 0. The area operator A‘L actingon H (D)
is the sublinear operator defined by

du(z) )”‘Y
(I —1z)

Area operators are important both in analysis and geometry. They are related to, for example,
the nontangential maximal functions, Littlewood-Paley operators, multipliers, Poisson inte-
grals, and tent spaces. For the study of boundedness and compactness of area operators A?
on the Hardy space and weighted Bergman spaces in the unit disk, see [29], [30]. The next
estimate is the celebrated Calderdn’s area theorem [31]. The variant we use can be found in
[32, Theorem 3.1] and [33, Theorem D].

AP = (/ QP
')

Lemma 2.9 Suppose that f € H(D) and 0 < p < 00, then

p/2
IIfllﬁp%/(/ If’(Z)Isz(Z)> [d¢].
T \JI'(¢)

For the proof of the following lemma, see Theorem 3.4 of [29].

Lemma 2.10 Let0 < p, q,s < oo and j be a positive Borel measure onD. If0 < p < q <
0o, then

() A}, : HP — L7 is bounded if and only if | is a (1 + % — 5>—Carles0n measure;

(i) Aj, : HP — L7 iscompactif and only if wis a compact (1 + % — §>—Carleson measure.

To characterize the compact intertwining relations for the operator I, we define the
following generalized area operator which is induced by a nonnegative measure p and
0<s < oo

du(z) )”S
(1 —1z]) .

The following lemma is a key tool for the proof of Theorem 1.2.

(@) = (/m F@P

Lemma 2.11 Let i be a positive Borel measure on D, finite on compact subsets of D. Suppose
that0 < p < g <ooand 0 < s < oo. We have the following two statements:

@) Ifgi : HP — L9 is bounded then 1 is a (1 + % — 3 + s)—Carleson measure;

(ii) IfA\f; : HP — L4 is compact then u is a vanishing (1 + % - 2 + s)—Carleson measure.
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Further, if p, q, s satisfy one of the following conditions:

(@) g =sandeither2 <p=q <ooorQ)<p<gq < oo;
®) ¢ >s>p’q/(pg+4q— p).

Then the two necessary conditions above in (i) and (ii) are also sufficient.

Proof The proof is similar to the proof of Theorem 4 in [34]. The difference is that we need
to consider the derivatives of the test functions. We provide the details for completeness.
For a € D, we consider the following test function

(1 —la'/?

m, z € D. 2.4)

fa,p(Z) =

By Forelli-Rudin estimates (see [35]), we see that f, , € H”, || fu,pllnr ~ 1. In addition, it
is easy to see that

[1—az|~1—la| ~ |l4], z€ S(a)
and

| fa @I & z € S(a). (25)

(1 —lapt/ptt”

First we prove (i). We start with the case ¢ = s. By (2.5) and Fubini’s theorem, we get

M(S(a)) < A( ) |f‘;’p(z)|sdu(z)

RGN

< / | fa p @1 dn(z)
D

n(z)
= S d
A(fmm,,(n( ||))|z|

= ||1Zifllqp||(2q('ﬂ*) 5 ”fa,p”')-(p ~ 1»

(2.6)

where the first equality comes from the fact that f’ﬂ‘ xr)(@)1d¢| = 1 — |z|. Therefore, 1 is

a ( % + s)-Carleson measure.
Next, we consider the case g > s. We can see that

| fu /sy (O] = 2.7)

(1= [aP)T=5/)

as ¢ € 1(z), and z € S(a). Note that AE : HP — L4 is bounded. By (2.5), (2.7), Fubini’s
theorem and Holder inequality, we obtain that

sy <[ ( .y ol )d
PR S(u)|fa,p<z>| A= I(z)lfa,ws) O ld¢l) du(z)
5/ | fa.(q /o7 )] </ fé,p(z)‘s a M(f)|))|d<:| 28)
”fa (q/9) N\ sy A fa p”Lq(T) Il fa, ]7||HP S

Thus pwisa (1 +s/p —s/q + s)-Carleson measure.
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57 Page 10 of 24 H. Arroussi et al.

Finally, we consider the case ¢ < s.Let 1 < 8 < « satisfing g = % By Fubini’s theorem
and Holder’s inequality, we get

n(S(a)) :/DXS(a)(Z)dM(Z)

s 1

~ (1 — ‘Y/”“/ @ f —_— dcldu(z

(=10 [ xs @ fip@| i ), st

s du(z) 1/a+1/d

=(1- S/P“/ (/ a , 7> d

a=tap e [ (s fip@| T d¢ |

1/B
s/pts , K dlL(Z) Blo

1—la)™e Sl d

< (1 la]) (fT (fm) e (1_|Z|)> | m)

1/

duz) \P¥
“ —_ d . 2.9
X(/’].I‘(/]:(;)XS()(Z)(l_kl)) | C|) (2.9)

According to the estimate in (3.6) of [24], we can estimate the second factor on the right side
of the above inequality as follows:

dp(2) )ﬂ'/“’
() ———— d
(/T (/m) @Ry )

B/o'—B/B'
< u(S@YP* [ sup HE@W S
zeD -1z

B/

Ble'—B/B'
_ pL(S(a))'Bfl sup u(S(a) N S(z)) '
en (I —1z])

Inserting this into (2.4), we have

p(S(a) N §(z))

B/o'—~B/B'
(=12 )

B —~
1(S@) S (1 —=1aDSPHe | A5 fu %, - (su]g
ZE

We define dji,(2) = xp,-du(z) for0 < r < 1.Itis easy to see that

1450, = 1&g o

Putting these estimates together, we have
wr(S(a))

|Ia|1+s/p—s/q+s

! 4 s@n s\
S HAL,fa,pH (1 — |a)) bra1=s/msias (g KrS@ N SE)
- zeD -1zl

1—q/s
_ ngf q sup mr(S(a) N S(z))
mrrPl e \ sees@ (1— lal?)ys@=p+ra/ (a1 —|z))

1—q/s
— q ur(S(z))

< HAS . ‘ sup , aeDb.
P g 2:5(z)CS(a) (I- |Z|)(]+s/p—s/q+s)
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Consequently,
_wS@)
aeD |Ia|1+s/p—s/q+s
1—q/s
<| Iy ” sup sup mr(S(2)
HP— L1 aelD z:5(z)CS(a) (- |Z|)(1+S/pis/q+s)
1A w 11,(5(@)) tmaks
— 1l ca adg (1 — |a|)(A+s/p=s/a+s)
Therefore,

“ wr(S@) iz e
wenrd o Talmesr=slars ~ 1 Aulpro oo

It then follows from Fatou’s lemma by letting » — 1~ that

n(S(a))

BLATATES ==l U 2.10)

Thus pwisa (1 +s/p —s/q + s)-Carleson measure.

Now we prove (ii). Suppose ;l\fl :'HP — L9 is compact. Foreacha € D, let f;, , be given
by (2.4). Itis noted that | fa.p|,,, < 1 uniformly ina € D and { f, ,} converges uniformly
to zero on compact subsets of D, as |a| — 1. Hence

lim A5 (fap)] 2o =0

lal—
Inequalities (2.6), (2.8) and (2.10) imply that

wS@)
lal—1 |Ig|1+s/p=s/a+s =

Thus p is a vanishing (1 + s/p — s/q + s)-Carleson measure.
To prove sufficiency in our last assertion, suppose first that condition (a) holds in our
assumption. By Fubini’s theorem and Lemma 2.6, we get

s du(z)
145 f 1oy = A([F( Qg |)>|d§|
:/D|f'(z)|“du(z) (2.11)

q
= luelleny s 1F 11

Hence A\,i cHP — L£11is bounded

Suppose next that g > s > +q i Lett=s+ ({1 —s/g)/(1+1/p) >s.Then p <t

and (t/s) /(q/s) =s+1+s / p — s/q. Let M be the Hardy-Littlewood maximal function.
Then by Lemma 2.5 we have

n(S(a))

(t/s)
”M” ~ sup (1- |a|)s+1+s/p—s/q'

L4/ (T)y— £/ () 2cD

(2.12)
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Thus, by duality’s theorem, Fubini’s Theorem, Holder’s inequality and (2.4), we have that

”AS f“ L£4(T) “ (ZE f)s ||L‘}I/f(']1‘)

d
/|h<¢)|(/ 7@ “(Z))mu
[:(q/s)/<1 r |z

s 1
= sup /lf’(z>| (—/ |h<c>||d;|) du ()
Il . qysy <1 /D 1] Ji

thl

cla/s

< s I g MO ey

721l g5y <1
= sup ”D”;_{p%[;t(m”f”'s}—(l} ”M”Uq/x)’_)[,(t/s)’(ﬂ)”hng(q/s)’

M7l g5y <1

s/t+1/(t/s)'
w(S(@)) e

< s
~ (325 (1= a1 +5/p=/a I/l @19

where D denotes the differentiation operator. Hence A\E : HP — L4 is bounded.

Next we consider compactness. Suppose that ¢ > s > and let u be a vanishing
(s+1+s/p—s/q)-Carleson measure. Then pisa (s + 1+ 57p — 5/g)-Carleson measure,
and so a finite measure in D. Lett = s + (1 —s/q)/(1 + 1/p) > s, then (1 + p)t/p =
s+1+4+s/p—s/q. By Lemma 2.7, D : H” — L'(u) is compact. Let { f,,;} be a bounded
sequence in H”. Then we can choose a subsequence { S } that uniformly on compact subsets
to some f € HP and a subsequence { f,;k} that converges in £’ (). Write g,, = fu, — f-
By (2.13), we have

|45, en) [0 S e, e -
Then
(2.14)

Jim [ A5, (gm) [z =0

Two applications of Minkowski’s inequality gives

A, () e = A (Pl co| < | A5, (8n)]| zg = 0. k — 0.

Together with (2.14), we get
Jim A5, (o)l 2o = 145 (D -

Moreover, since { fa k} converges uniformly on compact subsets of D to f, by Theorem 5.3

/ s du(z)) 1/s
n [36], then ¢ (¢) = (fr(;) |fnk(z)| = ) converges to

d 1/s
«)(;):(/ £ @I “(Z))
r'@) |z]

for each ¢ € T. Therefore by Lemma 1 in [28] yields

Jim [ 45 (Fu) = 43N 2y = Jim gk = ¢l o =0,
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and thus ;\i : HP — L4 is compact.
Suppose that condition (a) holds, by (2.11), we also have that

k]lfgo “A\IEA (g"k)H/;q =0,

by arguing as in the previous case we see that A}, : H? — L7 is compact. O

3 Proof of Theorem 1.1

In this section, we first consider the compact intertwining relation for J, and C, from H?

to H4. The proof of Theorem 1.1 then follows immediately as a corollary. We also consider

the compact intertwining relation for Jg and Cy from H?” to AZ at the end of this section.
To prove Theorem 1.1, forp € S(D)and g, h € H (D), we consider the following operator

»(2) b4
Ty enf(2) = /0 f(w)g' (w)dw — /(; fl@w)h'(w)dw

for f € H? and z € D.
To characterize the properties of Ty, , 5, we define another integral operator as follows:

129 (u)(a) = ﬂw%_% @11 = p)*) dA(z)
o “‘/D<|1—é¢(z>|2> MO =@ dAe).

Proposition 3.1 Let 0 < p < g < oo. Assume that ¢ € Aut(D), and g, h € H(D).
(i) Ty,g,n is a bounded operator from HP to H? if and only if

sup 127 ((g o ¢ — 1)) (@) < oc.
aeD

(it) Ty, ¢ n is a compact operator from HP to HY if and only if Ty ¢y is bounded and

lim 129 ((g o9 — h)') (a) = 0.

lal—1

Proof First, by Lemma 2.9, since (Ty .1 ) (z) = (g 0 ¢ — 1) (2) f(9(2)),

q/2
I T, g0 f 3 %/ ([ (g0 — h)’(Z)C¢(f)(Z)|2dA(Z)) [dZ]. 3.1
T \JT(¢)
Since ¢ € Aut(D), there is a point b € D such that

A b _
9(2) = eYp(2) = 7" gelo, 2m).
1—-bz

For z € T'(¢) with ¢ = ¥, (¢), we have

181 = V()] = [¥6(0) — ¥ (2)]|
B 1— b
B ‘(1 —b¢)(1 — bz)
_ v A= 1BP) — k2D 32
2| (1 =b5)(1 —bz)

2y
<o~ @D

¢ —z|
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Set n = €'?¢;. By (3.2), we have

In—e@)| < (I = le@)D.

1—lbl

Thus, ¢(z) € T',/(n) with ' = % > 1. Let w = @(2), 1y = v, 0@~ 1, and dvy (z) =
(g0 — h)'(z)|*dA(z) in (3.1). Then

q/2
I —Jwdpy(w)
Ty en s %f / 20— [whdpy@w) y
1T, f Il ; ( - [ f (w)] 1= P |dn|

1/2||4
du(w)
f)* 2)

T, (n) — |w|

[EHE] e

£4(T)

where du(w) = (1 — |w|2)du¢ (w) and the last identity follows from the observation on
page 3 of [37].

Hence Ty o5 : HP — HY is bounded if and only if A7 : HP — L4 (T) is bounded.
Thus, Lemma 2.10 (i) implies that du is a (1 + % — %)-Carleson measure. By (2.3), this is
equivalent to

2_2
1—ja? \'T7 )
sup _— (I = Jw[)dpy(w) < oo.

aed Jp \ |1 —aw|?

Changing the variable back to z proves (i).
Similarly we can prove (ii) using Lemma 2.10 (ii). We omit the details. O

Now we are ready to characterize the compact intertwining relation for J, and C, from
HP to HY.

Theorem3.2 Let 0 < p < g < 0.

G If # < p <gq, then J, : H? — H4 compactly intertwines all composition operators
1 1

+
Cy which are bounded both on H? and HY if and only if g € B, * "
(i) If p = q, then J; : HP — HP compactly intertwines all composition operators C,
which are bounded on H? if and only if g € VMO.A.

11

Proof First, we consider (i). If ¢ € B, ? 7, the operator J, is compact from H” to H? by
Lemma 2.4. Hence

Cyl

@IHe |’HP4>H(4 ‘]g’HP—ﬂ—m Cfﬂ HP

is compact for every C,, bounded both on ” and H¢.
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For the necessary part of (i), by (i) of Lemma 2.4, J, is bounded from H” to H? if and

1 1 .
only if g € BT, Putting ¢(z) = €z for 6 € [0, 27], by Proposition 3.1 (ii), we have
2

]+;_,
. L —lal? "
lal—>1 Jp |1 _&eIGZ|

2_2
= lim | (1= |ya(@P) 777
1Jp

lal—

io 7

g (V) g @[ (1 -1 aac)

g (%) — g @[ (1~ 17 aac)

10, .
7 elé)g/ (enea) _

where the last line follows from (2.1).
We estimate the upper bound of last formula in (3.3) as follows

e'gg/( ) - g/(z)‘

. 1 1 . 1 1
S R P ) | R (R e R FIE]

1
~ lim (1 - la|?)' T2 (3.3)
al—

(1= [z Fa s

<2 11 <00
< 2gl gy <0,

so the upper bound for the estimate in (3.3) is independent of 6.

We write g(z) = Z;O:O a,z" and integrate the right-hand side of (3.3) with respect to 6
from O to 27 as follows

2 el 1
0:/ lim (1 — |z Ta7»
0 |z]—>1

2 11
= lim (1—z»'Fa7»
zl>1Jo

. PRI Ry
= lim (1 —|z]7) "¢ »
|z|—1 0

g ( ) — g’(z)‘ de

eieg/ (emz) _ g’(z)’ a6
o0

Znanz"*l (einG _ 1)
Znanzn 1/ (ei”G — 1)d9

de

> 11m (1 — |z| )1+‘1 ,

=27 lim (1 — |z2)'"
|z]—>1

1_1

1+
where the dominated convergence theorem is applied to the second line. Thus g € B,

Next, we consider (ii). If g € VMO.A, we can see J, is compact on H” by Lemma 2.4.
Hence

‘P|Hﬂ |7—u)_>7-(p Jg |HP—>HP CW|HP
is compact for every C, bounded on H”.

For the necessary part of (.ii), by (ii) of Lemma 2.4, J, is bounded on H” if and only if g
€ BMOA. Putting ¢(z) = ez for 0 € [0, 2r], by Proposition 3.1 (ii), we have

1—la

lal=1Jp |1 — aeié }2

hm /(1—|%(z)| ) e

. . 2
g (2) - g @[ (1 -1zP) da@
(3.4)

g (e )—g(z>| dA().
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Similarly to (i), we obtain an upper bound for (3.4) as follows

/(1—|wa(z>|> “g (¢2) —g' 0| A

< [ (1= Wa@aF)

+ /]D) (1 - |Wa(Z)|2) |g/(z)|2 dA(z)

¢ (e”z)\ dA()

<2|gllamoa < oo,

where the last line follows from (2.1). Hence, (3.4) has an upper bound independent of 6.
Again, write g(z) = Z::ozo anz", and integrate the right-hand side of (3.4) with respect
to 6 from O to 27 as follows

02/0 ‘al‘lm /(l—lllfu(z)l )le

= lim 271/(1 — a2 ’eieg’ (eiez) —g’(z)‘2 dA(z)dé
D

lal—1 Jo

i0 ( i0 )—g/(z)‘z dA(z)do

00 2

Znanzn—l (eine _ 1)
n=l1
Zna 7" l/ 61"9 —1)do

~ lim | (- W@ ¢ @ dA),

d0 dA(z)

2
—tim [(- |m<z>|2)/
lal—=1 Jp 0

2
dA(z2)

> llm /(I—I%(Z)I)

where the dominated convergence theorem and Fubini’s theorem are applied to the second
and third lines, respectively. Thus, by (1.1), we obtain g € VMO.A. O

We can now prove our first main theorem.

Proof of Theorem 1.1 By (ii) of Theorem 3.2, [Cy, J,] € KK(HP) for every C, € B(HP) if
and only if g € VMO, which, according to Lemma 2.4, is equivalent to J, € K(HP).
Hence D(Jg) maps bounded operators into /JC(H?) if and only if J, is a compact operator. O

In the remaining part of this section, we characterize the compact intertwining relation
for J, and C,, from H” to A¢. For this purpose, we define the integral operator

058 (u)(a) = / (FW)Z (@1 = z)* dA(z)
oo p \Il —ap@)? '

Using Remark 2.8, the following theorem can be proved similarly to Theorem 1 and
Corollary 1 in [38], and hence we omit the proof.

Theorem3.3 Let 1 < p < g <ooanda > —1. Assume thatu € H(D) and ¢ € S(D).
(i) The weighted composition operator uCy is bounded from HP into AL if and only if
sup ]If;:g (u)(a) < oo.

aeD
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(ii) The weighted composition operator uCy, is compact from ‘H? into A% if and only if uCy
is bounded and

i p-q —
IzHgll H¢7a(u)(a) =0.
Using Corollary 4.3 in [11] and Theorem 3.3, the following result can be obtained imme-
diately.
Corollary3.4 Let1 < p < g <ooand o > —1. Assume that ¢ € S(D) and g, h € H(D).

(i) Ty,g,n is a bounded operator from HP into AL if and only if

sup 08, ((gog—h))(a) < oo.

(i) Ty g.n is a compact operator from HP into AL if and only if Ty, g is bounded and

Jim, 0 ((gop—h))(@ =0.

Proposition3.5 Letr1l < p<g <00, g€ HD),—1 <a <oo,andy = "‘+2 .Then

we have the following two assertions.

W) Ifp<qgandy +1 >0, then J, : HP — A% compactly intertwines all composition
operators Cy, which are bounded both on H and AL ifand only if g € BHy.
) If p = q, then Jg : HP — AL compactly intertwines all composition operators Cy

which are bounded both on HP and A% if and only if g € VMOA},HO(H)/').

Proof The proof is similar to that of Theorem 3.2 and hence we omit it. O

4 Proof of Theorem 1.2

For ¢ € S(D) and f, u € H(D), a weighted differential composition operator is defined by
uC(/pf =u-(fop).

For a similar role that the operator T;, 4  played in the previous section, we define the operator

o(2) z
Spenf(2) = fo F(w)g(w)dw — fo (f o 9) Wh(w)dw.

and the integral operator

1 — |a|2 3+ ) ) 5
W2 (u) (@) =/ (72) @) (1~ e dA(),
D \ |l —ag(2)]

which we use to characterize the properties of S, ¢ 5. Further, as in the previous section, we
describe boundedness and compactness of Sy ¢, : H? — H? in terms of the generalized
area operators, which leads to a simple proof of Theorem 1.2. Finally, at the end of this
section, we consider the compact intertwining relation for /, and C,, from H” to AL

We start with the following characterization, which is the main ingredient in the proof of
Theorem 1.2.

Proposition 4.1 Assume that ¢ € Aut(D), and g, h € H(D). Let 0 < p < q < oo. We have
the following two assertions:
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() If Sg,¢.n is a bounded operator from HP to H? then
sup D7 [(g 0 9 — h)¢'] (a) < o0.
aeD

(ii) If Sg,g,n is a compact operator from HP to H? then
lim W24 — h)¢' =0.
Jim W7 [(gop—h)¢|(@) =0

Moreover, if p, q satisfy one of the following conditions:

(@ p<g=2;
(b) ¢ >2> p*q/(pqg+q—p).

Then the two conditions above in (1) and (ii) are also sufficient.

Proof We note that
(Colg — InCy) f(2) = Cy </0 f’(w)g(w)dw) —Ii(f o) (2)

»(2) z
:/0 f/(w)g(w)dw—/o (f o @) (w)h(w)dw,

thus, by Lemma 2.9, we get

q/2
||S<p,g,hf||;]-(q%/ (/ I(gow—h)C;(f)(z)lsz(z)> [d¢].
T \JI'(¢)

Let w = ¢(2), tty = vy 0 ), and dvy (2) = |(g 0 ¢ — 1) (2)¢'(2)|” dA(2). Then

q/2
1— d
||S¢,g,hf||‘§m/ (/ |f’(w>|zw> |
T\JT, (™) — |w|

d 124
f | (w2 2
T, () I —|w|

L4(T)

q
£4(T)’

|2

where diu(w) = (1 — |w[)duy(w) and y’ is chosen as in the proof of Proposition 3.1.
Hence Sy ¢ 1 HP — H is bounded if and only if A% : H? — L9 (T) is bounded.
Thus, Lemma 2.11 (i) implies that dp is a (3 + % — %)—Carleson measure. By (2.3), this is

equivalent to
342_2
(1 _ |(l|2) ( +P q)
sup [ (1 p (1= lwhdy (w) < oc.
p \ |l —aw|

aeD

Changing the variable back to z completes the proof of (i).
Similarly, we can prove (ii) and sufficiency from Lemma 2.11. We omit the details. O

We are now ready to prove Theorem 1.2.
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Proof of Theorem 1.2 Let 0 < p < oo, and suppose that D(I) maps Z(H?”) into the ideal
of compact operators. Let ¢(z) = el for 6 € [0, 27]. Then

Sp.0.e = [Cy. Ig] € K(HP).

Therefore, by Proposition 4.1 (ii),

3
T 1—|a|2 i 2 2
0‘|31211/D<|1_aei942) ]g(e )—g(z)\ (1= [z[%) dA(2)

. i 2 0
~ 11ml ‘g (e'aa) — g(a)‘ (1- |a|2) ,

lal—

where the last line follows from Lemmas 8 and 9 of [38]. Thus, by the uniqueness theorem,
the function g is a complex scalar.
Conversely, if g is a complex scalar ¢, then I, = M. and clearly

DU)T =M., T1=0¢e K(H")

for every T € #(H?), which completes the proof.
O

In the remaining part of this section, we characterize the compact intertwining relation
for I, and Cy from H” to AZ. We first give a result on the boundedness and compactness of
uC (’p from H?” to A. To this end, we define another integral operator as follows

1— |(1|2 (I+p)q/p p 5
p.q — / _ o
V29 () (a) .—/D<|1_MZ)|2> u@¢ @ (1 = 122 dAG).

Theorem 4.2 Suppose that either 2 < p = qor0 < p < g < oo, and let o« > —1,
u € HD) and ¢ € S(D).

(1) The operator uC(; tHP — AL is bounded if and only if

sup Né”g (u)(a) < oo.
aeD ’

(ii) The operator uC(/p :HP — AL is compact if and only ifuC{p is bounded and
lim NS’Z(M)(LI) =0.
lal>1  #
Proof By definition, uC(’p is bounded from H? into AZ if and only if
[Cy) £ % < 17150,
for all f € HP. Changing variables w = ¢(z) yields
/le/(w)l" it ) S 1150 4.1

where [ty,y = Vy,p © ¢~ ! and dvy,(z) = ’u(z)go’(z)‘q (1 — |z]»® dA(z). Hence by (2.3),
(4.1) and Lemma 2.6, we have

1= |6l|2 (I+p)q/p
sup —_— diy.o(w) < oo.
aen Jo \ 1 —aw|? v
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Changing the variable back to z completes the proof of (i).
The proof (ii) is very similar to (i), and we just need Lemma 2.7 to obtain the compactness
of uC(’p from H? into AZ. O

By a direct calculation and Theorem 4.2, the following corollary can be proved similarly
to Corollary 3.4, and hence we omit the proof.

Corollary 4.3 Suppose that either 2 < p = qor0 < p < g < 0o, and let « > —1,
¢ € SD), and g, h € H(D).

(1) Sy.g.n is a bounded operator from HP into AL if and only if

sup Vil (809 — h)(a) < o0.
aeD

(ii) Sy,¢,n is a compact operator on HP into AL if and only if Sy, 15 bounded and

Jim, V)i (gop—h)(a)=0.

Proposition 4.4 Suppose that either 2 < p = q or 0 < p < q < 00, and let

g e HD), -1 <a < o0, and y = “qiz — % Then I, : HP — AY compactly inter-

twines all composition operators Cy, which are bounded both on H? and Al ifand only if g

I+y
€nB, .

Proof This is similar to the proof of Theorem 3.2 and hence we omit the details. O

5 Compact intertwining relation for My and C, from HP to A7

In this section, we discuss the compact intertwining relations for the multiplication opera-
tors M, and composition operators Cy, from H” to AZ. To this end, we first characterize
boundedness and compactness of

Ny.gn = CyMy — M;,C,,
which is a linear operator from H? to Al
Corollary 5.1 Let 1| < p < g < oo and o > —1. Assume that u € H(D) and ¢ € S(D).
(i) The multiplication operator My, is bounded from H? into Al if and only if

sup I (u)(@) ~ sup u(a)| (1 = |al®)” < co.
aeD ’ aeD

(ii) The multiplication operator M, is compact from HP into A, if and only if

lim sup I 1)) ~ lim sup lu(a)| (1 — lal?)? =0,
a|— al—

where y = (@ +2)/q — 1/p.
Proof By Lemma 8 and Lemma 9 in [38], we get

Wit 0@ =15 @0 ~ sup u(@](1 = laf)”.
ae

Note that M,, = uCj;y where id(z) = z is the identity map of ID. Hence by setting ¢ (z) = €'z
in Theorem 3.3, we can prove (i) and (ii). ]
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Corollary 5.2 Let 1 < p < g < oo and o > —1. Assume that ¢ € S(D) and g, h € H (D).
(i) The operator Ny ¢ j, is a bounded operator from HP into AL if and only if
supI/-8 (g o — h) (a) < oo.
aeDd
(it) The operator Ny ¢ 1 is a compact operator from HP into AL if and only if Ny g is
bounded and
lim 124 (g o — h) (a) = 0.

la|>1 9
Proof We note that
(CoMy — MyCy) f(2) = f(@())(g(p(2) — h(2)).

Thus
IINw,g,hfllig = fD l(go@ —m@IT|f(pN]? dAu(2)
= (go@ = MCp(N]% -
Hence, by Theorem 3.3, we have (i) and (ii). O

We can now state and prove the main result of this section.

Theorem5.3 Let 1 < p,g <00, g€ HD),—1 <a < 00, andy = "qiz — % Then the
following three assertions hold:
G If p < qandy > 0, then M, : HP — AL compactly intertwines all composition
operators Cy, which are bounded both on H? and AL ifand only if g € Bé”.
(i) If p < g and y = 0O, then My : HP — AL compactly intertwines all composition
operators Cy, which are bounded both on H? and AL ifand only if g is a complex scalar.
(iii) If p = q =2, then M, : H? — Ag compactly intertwines all composition operators Cy,
which are bounded both on H? and Afl ifand only if g € V.MOA;H“H)/Z.

Proof The proof of (i) is similar to the proof of Theorem 3.2. Next we consider (ii). Sufficiency
is obvious, and we just prove the necessity. Putting ¢(z) = ¢’z for 6 € [0, 277], by Corollary
5.2 (ii), we obtain

0= lim I} (309 —¢) ()
la]—1 ’

1 —af?

q/p . .
- Ijligll/ﬂ;) <m) ‘g(e“’Z) —g@| (1—[z)* dAz)

= lim 179 (go¢ —g) (a)

lal—1 id,a

~ lim [g(ea) = g(@)| (1 = a/>)"
lal—1
where the last approximation follows from the proof of Corollary 5.1. Then the uniqueness
theorem and 0 ~ lim|q 1 |g (¢"a) — g(a)| give that g = constant.
Finally, we prove (iii). If g € VMOA?(“HW, we can see M, is compact from H> to

Ag by Lemma 2.3 (vi). Hence

Cw’Ag Mg|H2—>Ag — M, H2— A2 Cy H2
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is compact for every C,, bounded on +” and A2.
Conversely, by (iii) of Lemma 2.3, M, is bounded from H2 to Ai if and only if g €

BMOAT D2 putting ¢(z) = €z for 6 € [0, 271, by Corollary 5.2 (i), we have

0= lim 127 (gop—g)(a)

lal—

. 1_|a|2 i0
= Jim [ G e — s (- 1Py dac)

eif
= lim /(1—|%(z)|2) ]g(ewz)—g(z)] (1= 12" dAG)

. 2
— 1im f(l— V@D [e7¢ () — g @[ a—1zPda@, 6D

lal—

where the last identity follows from Theorem 3.3 (2) of [39] (using n = 0,1, p = 2,
g = a+ 1,and s = 1). To use the dominated convergence theorem below, we first need to
obtain an upper bound for (5.1) as follows

. 2
/(l—lvfa(z)l )| ( lez)—g/(z)‘ (1= 2% dA(z)

< [ (1= waeaF)

+ fD (1= 1¥a@P) g @ (1 = zPH*H dA)

=2Jgll

¢ (¢72)[ a - 1Py aa)

BMOA”(‘””/Z < 00,

where the last line follows from (2.1). Hence, (5.1) has an upper bound independent of 6.
We also write g(z) = 220:0 anz", and integrate the right-hand side of (5.1) with respect
to 6 from O to 27 as follows

02/ hm f(l—lllfa(Z)l ) e

2
= lim /(1 — Y@

lal—=1 Jo

Vg (62) - g @ (1 - 12 s

s . 2
&g (¢'2) - ¢ @[ (1= 1P dA@de

2
do(1 — |z1*)* ! dA(z)

[ee)

Znanz 1n(9 )
o 2
Znanzn_l / (e"‘e — 1) do
n=1 0

~ lim | (1= Wa@)P) g @ =1z dA).

2
|11111 (1 = ¥a(2)] )/

2

= Jim | (- [Va(2)1%) (1— 12" dA(z)
al— ]D)

where the dominated convergence theorem and Fubini’s theorem are applied to the second
and third lines, respectively. Thus, by (2.2), we obtain g € VMOAH(QH)/ 2 O

Remark 5.4 From our proof, we observe that composition operators, especially the rotation

composition operators, play a crucial role in the study of inner derivations, and we expect
that they will be useful for their further study.
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