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Abstract

We deduce an asymptotic formula with error term for the sum

> momp<e L (1, - m]), where [ng,...,ng| stands for the least common
multiple of the positive integers nq,...,nx (K > 2) and f belongs to a
large class of multiplicative arithmetic functions, including, among others,
the functions f(n) = n", ¢(n)", o(n)" (r > —1 real), where ¢ is Euler’s
totient function and o is the sum-of-divisors function. The proof is by ele-
mentary arguments, using the extension of the convolution method for arith-
metic functions of several variables, starting with the observation that given
a multiplicative function f, the function of k variables f([nq,...,ng]) is mul-
tiplicative.

Keywords: greatest common divisor, least common multiple, arithmetic
function of several variables, multiplicative function, Dirichlet series,
asymptotic formula

2000 MSC: 11A05, 11A25, 11N37

1. Introduction

We use the following notation: N = {1,2, ...}, % is the Dirichlet convolu-
tion of arithmetic functions, id, (r € R) is the function id,(n) =n" (n € N),
1 = idy, id = id;, p denotes the Mobius function, A is the Liouville function,
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o, = 1 xid,, 0 = o7 is the sum-of-divisors function, 7 = o is the divisor
function, 5, = A xid,, § = f; is the alternating sum-of-divisors function
(cf. [19]), ¢, = p *id, is the generalized Euler function, ¢ = ¢y is Euler’s
totient function, v, = u? *id, is the generalized Dedekind function, 1 = v,
is the classical Dedekind function. If n € N, then n = Hp p*(™ is its prime
power factorization, the product being over the primes p, where all but a
finite number of the exponents v,(n) are zero.

Furthermore, let (ny,...,ny) and [n4, ..., n;| denote the greatest common
divisor (ged) and the least common multiple (lem) of nq, ..., n; € N (k > 2),
respectively.

It is easy to see that for any arithmetic function f we have the identity

S Al ) = S N 5] (1)

Ny, NE ST d<z

which leads to asymptotic formulas for this sum. For example, if f = id and
k > 3, then we have

Z (ny,...,ng) = %l’k-}-O(Rk(I)), (2)

Ni,...,NE<T

where R3(x) = 22logx and Ry (z) = ¥~ for k > 4. The case f =id, k = 2
can be treated separately by writing

Z (m,n) =2 Z (m,n)—z

m,n<x m<n<lzx n<z

2

— 23 (uxidr)(n) - % +0(2),

n<x

giving, by using elementary arguments, the formula

Z (m,n) = % (logx + 2y — % - @ - gg;) L O, (3)

mn<z

valid for every ¢ > 0, where 7 is Euler’s constant and # is the exponent
appearing in Dirichlet’s divisor problem.

For the lem of k positive integers there is no formula similar to (1). How-
ever, in the case k = 2, the lem of the integers m,n € N can be written using
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their ged as [m,n] = mn/(m,n), which enables to establish the following
asymptotic formula, valid for any positive real number r:

, 220+1)
Z [m’n]r _ C(C<‘;‘)2) ) (T ++1)2 +O(£U2T+l logx). (4)

If » € N, then the error term in (4) can be improved into
O (2% (log )?/3(log log x)*/?), which is a consequence of the result of Walfisz
23, Satz 1, p. 144] for >~ __o(n).

For k = 2 the asymptotic formulas concerning >, _ (m,n)" and
> mm<elM; 1] are equivalent to those for > . g-(n) and Y nes br(n), re-
spectively, where g,(n) = 37, j<n(Jyn)" is the ged-sum function and £, (n) =
> 1<j<nlds ] is the lem-sum function. The function gi(n) = >, ., (j, n),
investigated by S. S. Pillai [16], is also called Pillai’s function in the literature.

The above and related results go back, in chronological order, to the work
of E. Cesaro [6], E. Cohen [9, 10, 11], K. Alladi [1], P. Diaconis and P. Erdds
[12], J. Chidambaraswamy and R. Sitaramachandrarao [7], K. A. Broughan
[5], O. Bordelles [2, 3, 4], Y. Tanigawa and W. Zhai [17], S. Ikeda and K. Mat-
suoka [15], and others.

For example, formula (3) with the weaker error O(z*?2logr) was given
in [12, Th. 2, Eq. (1.4)] and was recovered in [5, Th. 4.7]. Formula (3) with
the above error term was established in [7, Th. 3.1] and recovered in [2, Th.
1.1] (in both papers for Pillai’s function). Formula (4) was established in
[12, Th. 2, Eq. (1.6)]. The better error term for (4) in the case r € N was
obtained in [15, Th. 2]. Asymptotic formulas for (1) in the case k = 2 and for
various choices of the function f, including f = ¢ and f = ¢ were deduced
in [4, 9, 10, 11]. See also the survey paper [18].

The result

mn<x

m3(r+1)

Z [mﬂ%qr ~ Cr (7“ 11)3 (.I — OO),

m7n7q§x

valid for r € N, without any error term and with a computable constant c,
given in an implicit form, was obtained by J. L. Fernandez and P. Fernandez
[13, Th. 3(b)]. Their proof is by an ingenious method based on the identity
[m,n, ql(m,n)(m,q)(n,q) = mng(m,n,q) (m,n,q € N) and using the domi-
nated convergence theorem. As far as we know, there are no other asymptotic
results in the literature for the sum

Z f([n17"'7nk])7 (5>



in the case £ > 3, where f is an arithmetic function. It seems that the
method of [13] can not be extended for k > 3, even in the case f = id,. Also,
it is not possible to reduce the estimation of the sum (5) to sums of a single
variable, like in (1).

In this paper we deduce an asymptotic formula with remainder term for
the sum (5), where k& > 2 and f belongs to a large class of multiplicative
arithmetic functions, including the functions id, with » > —1 real and o,
Bry @r, ¥ with 7 > 1/2 real. The proof is by elementary arguments, using
the extension of the convolution method for arithmetic functions of several
variables starting with the observation that given a multiplicative function f,
the function of k variables f([nq,...,nx|) is multiplicative and the associated
multiple Dirichlet series factorizes as an Euler product. The same method
was used by the second author [21] for a different problem. See the survey
paper [20] of the second author for basic properties of multiplicative functions
of several variables and related convolutions.

We also extend to the k dimensional case the formula

[m,n] 7, 3
mzn;z (o) 0 + O(x”log ), (6)
which can be obtained in a similar manner to the results (2) and (4). Prop-
erties of the operation m on = [m,n]/(m,n) were investigated by the first
author [14].

Note that the following recent result of different type, concerning the lem
of several positive integers, was obtained by J. Cilleruelo, J. Rué, P. Sarka
and A. Zumalacédrregui [8]: lem{a : a € A} = 271+°W) for almost all subsets
Ac{l,...,n}.

2. Main results

Let r € R be a fixed number. Let A, denote the class of complex valued
multiplicative arithmetic functions satisfying the following properties: there
exist real constants C7, (5 such that

|[f(p) —p'| < Cip"Y/? for every prime p, (i)

and
|f(p")] < Cyp”" for every prime power p” with v > 2. (ii)



Note that conditions (i) and (ii) imply that
|f(p")] < Csp”" for every prime power p” with v > 1, (iii)

where C3 = max(C; + 1, Cy).

Observe that id, € A, for every r € R, while o, 8., v, ¥, € A, for every
r € R with r > 1/2. The functions f(n) = o(n)", 5(n)", ¢(n)",¥(n)" also
belong to the class A, for every r € R. As other examples of functions in the
class A,, with r € R, we mention ¢*(n)", o*(n)" and o(®)(n)", where p*(n) =
Hp‘n (p"ﬂ(”) — 1) is the unitary Euler totient, o*(n) = len (p”ﬁ(”) + 1) is
the sum-of-unitary-divisors function and ¢(®(n) = I 2w, p? denotes
the sum of exponential divisors of n. Furthermore, if f is a bounded mul-
tiplicative function such that f(p) = 1 for every prime p, then f € Ay. In
particular, p? € Aj.

We prove the following results.

Theorem 2.1. Let k > 2 be a fized integer and let f € A, be a function,
where r > —1 is real. Then for every e > 0,

:L.k(r—&—l)

—C O < k(r+1)_1min(r+1,1)+a> (7
PR 1) RN 2 ")

and
Z f(["la -y ]) kamk +0 ( k—3 min(r+1,1)+ ) (8)
(g ng)" ’ ’
NYyeney ng<x
where ( )
1 max Lyeery Vi )
ka - H (1 o 5) Z p(r—i-l vittug)

Formula (7) shows that the average order of f([ny,...,ng])is Crr(ng - ng)",
in the sense that




representing the mean value of the function f([ny,...,nk])/(n1---ng)". See
N. Ushiroya [22, Th. 4] and the second author [20, Prop. 19] for general results
on mean values of multiplicative arithmetic functions of several variables.

Theorem 2.2. Let k > 2 be a fized integer and let f € A, be a function,
where v > 0 s real. Then for every e > 0,

Ni,...,n Zkr+1) i 1)—Lae
5 () ol

(N1, ..., ng)

k 00 —mi
1 f(pmax(zq ..... Vi )—min(v1,..., I/k))
Dk = H (1 B _) Z pr+Dit-+u) '

p

In the case f = id, we obtain from Theorem 2.1 the next result:

Corollary 1. Let k > 3 and r > —1 be a real number. Then for every e > 0,

. xk(?"-‘rl) k,’(?“-f—l)_l mln(r+1 1)+£
2 Imocessml" = Craggp O (HOTAIEIT), 10

and ,
Z ([77/1, R 7nk]) _ rkx +0 ( mm(r—f—l 1)+6> 7
Nny,e.., nE<x M T,
where N ( )
1 > prmax 1yeensVk
Crge = H <1 N ]_9> Z 0p(7’+1)(u1+ )"
Vlyeooy V=
In particular,
2 2 3 1
Crs=C((r+2)¢(2r+3) H(l—— +p"+2_p7"+3+p’"+5>’ (11)
p
6 8 3 5 12 6 4
Cra = ((r+2)¢(2r+3)¢(3r+4) 1;[ (1 T2 + » Pt + 2 pres + P + A
3 3 4 6 12 5 3 8 6 1
B prt6 | p2rt3 o p2rtd o p2rt5 T p2rt6 B p2rtT s B pArte T o e

(12)



In the case f = id, we deduce from Theorem 2.2:

Corollary 2. Let k> 3 and r > 0 be a real number. Then for every e > 0,

k(r+1)

2 (([Zi et ) = DugrE +O (). )

o)

p | Z T V=0
In particular,
¢(3r+3) C(4r +4)
D,s=0C,3————=, D.y=Cry—=.
U @r+3) T B +4)

We remark that in the case k¥ = 2 asymptotic formulas (10) and (13)
reduce to (4) and (6) (case r = 1), respectively, but the latter ones have
better error terms. Note that D, = ((2r + 2)/((2).

Among other special cases we consider the functions o, ¢ € A; and p? €

Ap.

Corollary 3. Let k > 2. Then for every € > 0,

2k - .
> ol m)) = Copg +0 Caaas B
N yeney ne<T
and
Z J([m, 7nk]) _ ngkxk +0 (xk71/2+s) ’
ny Mg
Ny,e.., nE<x
where




Corollary 4. Let k > 2. Then for every e > 0,
2k

xT
Z gD([”l??”k]):C ?4_0( 2k5*1/2+5)7
nlv---vnkf$
and
Z 90 nly.--; D :C’%kxk_i_O(xk—l/Q_Fs)’
ni,-.- 77’Lk<]} k‘
where )
1 (;0 max V1, Nz )
CSD,]{: - H (1 - 5) Z 0 V1+ +Vk) .
p VlyeeyVEp=

In particular,

3 2 1 2 1
=TI (1= 5+ -5 5 )

p p
Corollary 5. Let k > 2. Then for every € > 0,
2 a* k—1/2+e
Z M([nl,---,nk]):WJrO(m )

Remark 1. It would be interesting to find the best possible error, especially
in particular cases. For example, for » = 1 in Corollary 1, the relative error
is O(z~/2%¢). Can we improve the exponent further and if so, by how much?

3. Proofs
An arithmetic function g of k variables is called multiplicative if

glming,...,myng) = glmy, ...,mg)g(ng, ..., ng),

provided that (mq ---mg,ny---ng) = 1. Hence

g(nl, c ,nk) = Hg (pup(m)7 o ’pup(nk))

for every ny,...,n; € N. In this case the multiple Dirichlet series of the
function g can be expanded into an Euler product:

o
g(nl, .. H g(p™,. .. )
Z Z V121+ +szk ’
N, np=1 P Vi, V=0

We need the following lemmas.



Lemma 3.1. Ifk > 2 and f € A, with r > —1 real, then

Ny, ...,n
Lf,k(zl>"'7 Z f 1” e ]) :C(zl_r)"'C(zk_T)Hf,k<zla"'7Zk)7
..... ne=1 k
where the multiple Dirichlet series Hyy(z1,...,2x) is absolutely convergent
for

r+i, ifr>0,

14
ril if =1 <r <. (14)

§Rzl,...,§Rzk>A::{

Proof. 1f f is a multiplicative function of a single variable, then the arithmetic
function of k variables f([ni,...,ng]) is multiplicative. It follows that

Lfk Fly-een ® H Z V121+ Frp 2k (15)

Case I. Assume that » > 0. Grouping the terms of the sum in (15)
according to the values vy + - - - 4+ v we have

B f(p) f(p) f( max(vi,..., l/k))
Lf:k(zl’ Tt Zk) - H <1 + pzl Tt pzk T Z pV12’1+ FUE 2k ’
P vt >2
(16)

Let Rzy,..., Rz > 0 > r. By using condition (i) from the definition of

the class A,,
f(p) 1 1 ,
P - pEi=T +0 p577“+1/2 (1 SJ s k)

Also, by condition (iii) following the definition of the class A, and by
using that » > 0 we deduce that

V1 z1+ Vg zk

f max(v1,..., I/k)> prmax(ul ..... Vi) - 1
3 = 3 e )

Thus the sum in (16) over v; + -+ 4+ 15, > 2 is O (p720~")). We obtain

Lyg(z, ... L)z =) C o g — )

1 1 1 1 1
_ H <1 _ pzl_r) (1 — ka_r> (1 + = bt e +0 (p—é—r+1/2>

p




1 1 1
+0 <p2(5—r))> - H (1 +0 (pé—r+1/2> +0 (p2(5—r)>> ’

P
since Rz; > 0 (1 < j < k), where the terms :l:# (1 < j < k) cancel
out. Here the latter product converges absolutely when § —r +1/2 > 1 and
2(0 —r) > 1, that is, for 6 > r +1/2.

Case II. Assume that —1 < r < 0. Now we group the terms of the sum
in (15) according to the values max(vy, ..., v):

max(v1,...,Vk)
Lip(z1,.. ., 2) = H 1+ Z 1% + Z f](923121+-~~+vm :
p max(vy,...,vg)=1 max(v1,...,Vg)>2
(17)
Let Rz1, ..., Rz, > § > 0. Consider the sum in (17) over max(vy, ..., 1) =
1 and suppose that v; = 1 for m (1 < m < k) distinct values of i. If m =1,
then by condition (i) from the definition of the class A, we have

) _ 1 +0<]ﬁ) (1<j<h)

If m > 2, then

f(p)

pl/121+---+ukzk

S(Cl+1)pT:O( 1 )

pm5

This shows that the sum in (17) over max(vy,...,v) = 1 is

1 1 1 1
pzlfr +- pzkfr + 0 (pér+1/2> + 0 (p25r) :

Furthermore, by condition (ii) we deduce that for max(vq,...,vg) > 2,

f(pmax(lll ,,,,, Vk))
‘ pV121+~~~+Vka

(0 > 0) and it follows that the sum in (17) over max(vy,...,v) > 2 is
O (p~26=")) = O (p~*=7)), since r < 0.
We obtain that

1 1 1 1
Lfyk(zl,...,zk) = H (1+pZ1—7’ +.“+p2k—7" +0 (Zm) +O0 (W))

p

10



and

1 1
_'_O (p5—r+1/2) + O <p26—r>>
1 1
- (1 +0 (pé—r+1/2) +0 <p25—r>> y

since Rz; > 0 (1 < j < k), where the terms :I:# (1 < j < k) cancel
out, similar to Case . Here the latter product converges absolutely when
d—r+1/2>1and 20 —r > 1, that is, for 6 > (r+1)/2 > 0. O

Lemma 3.2. If k> 2 and f € A, withr >0, then
Lyp(21,. . 21) = Z — 2 h = () () H a2, ),

21
nl,...,nkzl 1 k

where the multiple Dirichlet series ﬁﬁk(zl, ., 2k) 1s absolutely convergent
for Rzq, ... Rz, >r+1/2.

Proof. Similar to the proof of Lemma 3.1, Case I. If f is multiplicative, then
the function f([ni,...,nk)/(n1,...,nk)) is also multiplicative and we have

max(vy,...,V)—min(vi,...,vg) )

- fp
Lka(zl’ e ’Zk) - H Z pV121+"'+Vka

B f(p) f(p) f(pmax(u1,...,Vk)fmin(yl,...,uk))
o H (1 - 21 Tt Pk T Z priFtt v ’
p

p Vit >2
(18)
If Rzy,..., Rz, > 0 > r, then it follows that
max(vy,...,Vk)—min(vi,...,vg) r(max(v1,...,vg ) —min(vy,...,vg))
fp )| <ol <C 1 |
lezlJr"'JrVka — p5(V1+"'+Vk) — p(éfr)(ul+---+uk)

thus the sum in (18) over 14 + - -+ + v > 2 is O (p~2°~")). Furthermore, we
use the same arguments as in the previous proof. ]

11



Proof of Theorem 2.1. From Lemma 3.1 we deduce the convolutional identity

f([n17"'7nk]) = Z ]I]I:hka(dh’dk)a

Jirdi=ni,....jxdg=ng

where .
h ,k(nh e Jlk)

Z fnzl__,nzk :Hf,k(zl,...,zk).

n,e,np=1 1 k

Therefore
S fnm) = > G dihy(dy, . dy)
Ny, <z J1d1<z,....jrdip <z
= D hgaldy,d) > e Y
dy,...,dp <z J1<z/dy Je<lz/dy

| 2R 2 R
_ hr(di, o dy) (g + O ) -+ [ — g + O
S tatdht) (g +00)) - (g 0

di,....dp<z

where R := max(r,0). We deduce that

gk +1) k(dy, ..., dy
S ) = e Y Mt ), o)

r+1
di,....dg<w 1 dk

with hya(d 0
k ce, ag
Skola) < 3 avrre 3 SELEGES@0)
U yeney U di,...,dp<z 1 k
where the first sum is over uy,...,u; € {r + 1, R} such that at least one u;

is R. Let ug,...,u; be fixed and assume that u; = R for ¢ (1 <t < k) values
of i, we take the first ¢ values of 4. Then z“** "t times the inner sum of
(20) is, using the notation A given by (14),

< pk—tr+)+tR Z |hypelda, - - . di)]

R, . R +L... g7t
di,....dp<z dl dt dt+1 dk

_ I(k—t)(r-&-l)-ﬁ—tR Z |hf,k(d1, - ,dk)|d‘14_R'~"E v df_R"'a
df+€ . d?+edr+1 . dvl;Jrl

di,...,dp <z t+1

12



k—t)(r+1)+tR, t(A—R+ - |hf, (dla e d )|
S Z‘( . : X ( K Z dAJrs . dA+€dr+1 dr+1
di,...,dp=1 "1 t+1

ghr D=t H=Mrte (A e, Ader+1,...,r+1)
& gD —trH1=A) e

since the latter series is convergent by Lemma 3.1. Using that r +1 — A =
%min(r +1,1) > 0, the obtained error is maximal for ¢ = 1 giving

0 (xk(T—i-l)—%min(r—H,l)—i-E) .
Furthermore, for the sum in the main term of (19) we have

hyg(dy, ... d)
Z r+1 . dr-i—l
di,.dg<z 1 k

[e.9]

hyr(dy, ..., dg) hyg(dy, ..., dg)
= Z gt Z Z r+1 g (21)
di,endp=1 1 k OALIC{1,...k} d;i>z,icl k
d;j<z,j¢I
where the series is convergent by Lemma 3.1, and its sum is Hy(r+1,...,r+

1).

Let I be fixed and assume that I = {1,2,...,s}, that is dy,...,ds >
and dyi1,...,d < x, where s > 1. We deduce, by noting that A — (r + 1)
—smin(r +1,1) <0,

IS

Z \hgr(dy, ..., dp)l

r+1 r+1
d Ce dk

di,...,ds>x
d5+1 ..... dk<l‘
(r+1)+e A—(r+1)+e
_ oy i >\d1 de Y
- A+€ Ade gr+1 r+1
di,...,ds>x dl d ds+1 d

ds+1yeeyd<x

< xs(A—(r—i-l)—l—a) i |hfk(d1,...,d )|
: di,....drp=1 d{HE dA"'adgi} dvl;Jrl

=t A g (Ate, . Ater+ 1, ., r+ 1)
< x—%min(r—}—l,l)—i—sa’

13



the latter series (the same as before) being convergent, and the obtained
error is maximal for s = 1 giving, according to (19) and (21), the same error

O <$k(r+1)—%min(r+1,1)+6> .

This proves asymptotic formula (7) with the constant Cyj = Hyp(r +
1,...,7 4+ 1). Here, according to Lemma 3.1,

k [e’e]
1 f(pmax(u1
Cka = H (1 - 5) Z (r+1)(v14-4vg)

p

The proof of (8) is similar, based on Lemma 3.1 and the convolutional
identity

f([nh---ank]) o Z hf,k(d17-~~7dk)

(nl N .nk)r Jidi=ni,....jxdpg=n dq o dz
which implies that
Fll i) hyalds, )
— ’ 1--.. 1.
y fend) y nlhed) gy

N1y ST di,...,dp <z N <wz/d Je<z/dy

O

Proof of Theorem 2.2. Formula (9) is obtained by using Lemma 3.2, in ex-
actly the same way as (7) (here r > 0 and R = max(r,0) = r), with the
constant Dy = Hyp(r+1,...,7r+1). O

Proof of Corollary 1. Apply Theorem 2.1 for f =id,. Here

1 3 pr max(a,b,c)
Gra=11 <1 B ];) e

p a,b,c=0

1 3
:H(l—]—)) (651+352+353+S4)7
p

with

TC 7C

_ p _ D
S1= Z prD(atbto)’ Sz = Z prD@ate)’

0<a<b<c 0<a=b<c

14



TC TC

_ P _ p
Ss= D, mmwmyr 0T 2L e

0<a<b=c 0<a=b=c

which gives (11). Formula (12) for the constant C, 4 can be computed in a
similar manner. [l

Proof of Corollary 2. Apply Theorem 2.2 for f = id,. The constants D, 3
and D, 4 can be evaluated like above. O

Proof of Corollaries 3, 4, 5. Apply Theorem 2.1 for f = o, f = p withr =1,
resp. f = pu® with r = 0. O
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